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Abstract 

I analyze the Higgs mechanism at the graviton level inside the non-linear theory of massive 
gravity. In the standard formulation, the graviton mass appears as a parameter multiplying the 
whole massive action and it cannot appear dynamically. Then the theory contains three free- 
parameters, namely, two inside the potential and the graviton mass. The spherically symmetric 
solutions of the theory revealed the existence of vacuum degeneracy. It appears due to the preferred 
time direction effect when the Stiickelberg function is non-trivial. Then any generator related to 
the time coordinate is broken at the vacuum level, remaining then the spherical symmetry. For the 
gauge symmetries involved, I formulate the Higgs mechanism at the graviton level as a consequence 
of the Vainshtein mechanism but formulated in time domains for any frame of reference. 
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I. INTRODUCTION 


The Vainshtein (screening) mechanism in massive gravity, plays a fnndamental role in 
recovering the predictions of general relativity (GR) at scales close to the sonrce [T]. The 
linear Fierz-Panli theory fails for recovering GR at scales close to any sonrce dne to the 
extra-attractive effect prodnced by the conpling of the scalar component of the graviton 
with the trace of the energy-momentnm. This is the so-called vDVZ discontinnity [2]. The 
discontinnity disappears when the theory is extended at the non-linear level and then the 
Vainshtein (screening mechanism) operates. In its original version, the mechanism works dne 
to the appearance of a sixth degree of freedom, namely, the Bonlware-Deser ghost [3] , which is 
able to cancel exactly the effects of the scalar component at scales shorter than the Vainshtein 
radins (ry) jl]. In the new version of massive gravity, the mechanism appears throngh the 
non-linearities of the theory [3E|. The connection between Vainshtein mechanism and the 
Hawking radiation inside massive gravity has been analyzed in mi- Regarding the vacunm 
solntions in massive gravity, they contain a natnral degeneracy, difficnlt to explain inside the 
standard framework of GR |9]. The degeneracy provides a natnral loss of predictability of the 
theory. A possible solntion to this problem has been done by the anthor in W- The vacnnm 
degeneracy is related to the preferred time-direction of the theory dehned by the Stiickelberg 
fnnction (To(r, f)). In this sense, the gange symmetry of the theory is spontaneonsly broken 
at the vacnnm level. Then the observers taking their time in different directions (different 
frames of reference), define a set of vacnnms, related to each other throngh rotations aronnd 
the complex plane for the time coordinate. If the vacnnm is shifted in order to get the 
physical one, then it is possible to explain the dynamical origin of the graviton mass as a 
Vainshtein mechanism in time-domains. It can be conclnded that there is a special class of 
observers defining the time in agreement with the Stiickelberg field fnnction (To(r, f)). The 
observers defining a boost in agreement with the notion of time To(r, t), will not perceive the 
effects of the dynamical graviton mass at all. TQ{r,t) contains the information of the extra¬ 
degrees of freedom of the theory and it has a trivial component which can be ganged away 
and a non-trivial one which contains the scales of the theory and the relevant information 
related to the extra-degrees of freedom. The dynamical origin of the graviton mass (Higgs 
mechanism), comes from the relation between the observers defining the time in agreement 
with To(r, f) and the observers dehning the time in a different direction (different frame of 
reference or boost). The changes of the fnnction To{r,t) nnder gange transformations can 
be fonnd if we consider as a local symmetry the set of diffeomorphism transformation of the 
action. In snch a case, any generator related to the time-coordinate is a broken one. By the 
date, there is no accepted version of the Higgs mechanism in massive gravity [10], althongh 
some attempts have been done in m- A possible solntion for the graviton Higgs mechanism 
in Anti-de Sitter space (A-dS), has been proposed in [ 12 ]. In addition, some attempts for 
nnderstanding the symmetry breaking pattern in massive gravity and the symmetry breaking 
mechanism from the perspective of the space-time have been done recently [TH] [H]. The 
role of the symmetry breaking mechanism in the scenario of the effective theory of inflation, 
has been considered in na. However, since the Vainshtein mechanism is the responsible 
for the recovery of GR at scales below ry, and as a conseqnence, it is the mechanism able 
to recover the continnity between massive gravitons and massless ones; then it is natnral 
to snspect that the nnderstanding of the Higgs mechanism in massive gravity is related to 
a reformnlation of the Vainshtein mechanism in this theory. One important step toward 
this direction has been done by the anthor in pEiini, where the mechanism was expressed 
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in terms of Stiickelberg functions (To(r, t)). This provides the chance of understanding the 
dynamical origin of the graviton mass if the Vainshtein mechanism is analyzed over the time 
domains and not in the usual spatial domains. The scale at which the symmetry is broken, is 
clearly determined by the Vainshtein scale, which is contained inside the non-trivial part of 
the function To(r, t). For the family of solutions with one free-parameter and the Stiickelberg 
function arbitrary, the relation between the free-parameter of the potential (massive action) 
and the total derivative of To(r,f), determines whether the vacuum is degenerate or not. 
This is analogous to the simplest case analyzed for the scalar held for the Nambu-Goldstone 
theorem. Here in the formulation of Higgs mechanism, there is a fraction of the Christoffel 
connection which plays the role of the gauge held since it contains terms depending explicitly 
on the Stuckelberg function at the perturbative level. The other fraction, corresponds to 
the usual GR contribution. Then in a free-falling frame, the non-trivial contribution for the 
Ghristohel connection and related to the Stuckelberg function, does not vanish, contrary 
to the case of the GR contribution. In fact, in a free-falling frame of reference, expanding 
the dynamical metric as a function of the Stiickelberg function at the perturbative level, 
it is not conformal to Minkowski, except when the Stiickelberg function is spatially and 
time-independent. Then the equivalence principle is not necessarily satished at this level. It 
is interesting to notice that the Stiickelberg function has a double ehect in the formulation 
of the Higgs mechanism. 1). It is the parameter mass which determines the location of the 
physical vacuum is a function of the Stiickelberg function. 2). The Stiickelberg functions 
reproduce the gauge portion of the connections, making them equivalent to gauge helds of the 
theory when we consider the perturbative analysis. The manuscript is organized as follows: 
In Sec. (|^, I describe briefly the massive gravity formulation, used in this manuscript as 
the background theory. In Sec. (HI), I explain briefly the Schwarzschild de-Sitter solution 
in dRGT massive gravity. In Sec. (IV), I describe the Vainshtein mechanism in terms of the 
Stuckelberg functions. In Sec. 0. I explain the standard Nambu-Goldstone theorem. In 
Sec. (VI), I explain the standard Higgs mechanism for scalar helds. In Sec. (VH), I analyze 
the massive action in a free-falling frame at the background level. I divide the analysis in 
different cases, depending on the relation between parameters. In Sec. (VHI), I analyze the 
massive action, but this time at the perturbative level. In this case, the vacuum dehnition 
reveals a degeneracy and then the physical perturbations have to be expanded around the 
physical vacuum. In Sec. (IX), I formulate the Higgs mechanism at the graviton level in 
massive gravity theories. In Sec. (|^, I extend the results for including arbitrary time- 
dependence at the perturbative level. Here any deviation from the stationary condition 
comes from perturbations. In Sec. (XI), I extend the results for including gravity (no free- 
falling condition). Here gravity enters perturbatively through a dimensionless parameter e, 
which depends on the fundamental scales of the theory and on the distance of the observer 
with respect to the source. The vacuum degeneracy for this case is equivalent to a multiplicity 
of fundamental scales of the theory. Finally, in Sec. (XH), I conclude. 


II. MASSIVE GRAVITY FORMULATION 

The coming analysis in this manuscript, is expected to be more general than the theory 
of massive gravity. However, for study purposes, I formulate the problem inside the dRGT 
theory of massive gravity, which is well known inside the community. The action in the 
dRGT non-linear massive gravity formulation is dehned as [319]: 
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This action contains three free-parameter, namely, the graviton mass, and the two parame¬ 
ters appearing inside the potential U{g,(()): 



U{g,4>) — U 2 + (ysUs + 0 : 4174 , 

( 2 ) 

where: 

U 2 = Q^- Q 2 , 

(3) 


U 3 = — 3 QQ 2 + 2 Q 3 , 

(4) 


U 4 = — 6 Q^Q 2 + 8 QQ 3 -|- 3 Q 2 ~ 6 Q 4 , 

(5) 


Q = Qi, = TriQ^r,, 

( 6 ) 



(7) 


{M^r^ = 

( 8 ) 



(9) 

We can 

then compute the field equations as follows: 



G ^ 1 / Tft 

( 10 ) 

where: 


( 11 ) 


Here is the hducial metric and Q is the trace of the matrix 


III. THE SCHWARZSCHILD DE-SITTER SOLUTION IN DRGT 

In [9], the S-dS solution was derived for two different cases. The first one, corresponds 
to the family of solutions satisfying the condition /3 = where f3 and a correspond to 
the two free-parameters inside the potential U{g,(j)). These set of parameters are related 
to the previously defined 03 and 04 [9]. Under this previous condition, the Stiickelberg 
function To{r,t) becomes arbitrary. This is not a coincidence because the theory has three 
parameters. If we £x one of the parameters with the background, then the other two 
parameters remain free. There exists a non-trivial connection between the mass parameter 
and the Stiickelberg function which is the key point for the Higgs mechanism formulation. 
Later in this manuscript I will explain this connection. There is a second family of solutions. 
They correspond to the case with two-free parameters satisfying the condition (3 < with 
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the Stiickelberg function To(r, t) constrained to some specific dependence on the space-time. 
The constraint has the Finkelstein-type form if we impose the regularity condition for the 
future event horizon. In this case, again there are two-free parameters after constraining 
one. Any solution satisfying the spherically symmetric condition, is expressed generically 
as: 


where: 


ds‘^ = gudt^ + Qrrdr'^ + grt{drdt -|- dtdr) + r‘^dVt\, 


( 12 ) 


9tt =-f{Sr){dtTo{r,t)f, grr =-f{Sr){drTo{r,t)f + (13) 

gtr = -f{Sr)dtTo{r,t)drTo{r,t), 

with/(r) = 1 ——|Ar^. This previous solution looks similar to the Schwarzschild-like one 
after coordinate transformations. However, here we have to take into account that To(r, f) 
is not in reality a coordinate (gauge) transformation function, but rather a Stiickelberg 
function containing the information of the extra-degrees of freedom of the theory. In fact, 
the metric components in eq. ( |I^ are obtained after using the non-linear version of the 
Stiickelberg trick expressed as: 




dY^ 


dY^ 




9al3^ 


dx>^ / V dx’^ J 

with the components of the Stiickelberg function given by: 


(14) 


(r, t) = To (r, t), F'’ (r, t) = r. 


(15) 


In eq. (13), all the degrees of freedom of the theory are inside the dynamical metric. The 


hducial metric in this case is just the Minkowskian one given explicitly as: 


f^udx^dx^ = —dt^ + dr"^ + r‘^{d9‘^ + r'^sin^O). (16) 

The dynamical metric when it contains all the degrees of freedom, is diffeomorphism invariant 
under the transformation [UHH]: 

Y'‘{x)^f-\Y{x)r. ( 17 ) 

The full action is invariant under these previous set of transformations. 


IV. THE VAINSHTEIN MECHANISM IN TERMS OF THE STUCKELBERG 
FIELDS 

The Vainshtein mechanism can be formulated in terms of Stiickelberg functions as has 
been done in (TJ [121 HZ] . The set of equations: 

dG^,= {^^^dr+(^^^dt = 9i, (18) 
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can easily help us to find the Vainshtein scale, which in general can be time-dependent. In 
this previous expression, j is just the partial derivative with respect to w but keeping 

the variable x constant. The Vainshtein scale corresponds to the standard Vainshtein radius 
{ry) for time-independent situations [HI [T7]. The Vainshtein radius defines three regimes, 
given by: 


drTQ{r,t) = Q -)■ r«rv, drTo{r,t) ^ 0 -)■ r»rv, 

To(r, t) = 0 -)■ r = ry. (19) 

The original formulation of the Vainshtein mechanism in terms of Stuckelberg functions was 
developed in [71 UHl IT7| . 


A. The Vainshtein conditions: Extremal conditions on the massive action 


The so-dubbed Vainshtein conditions were derived originally by the author and they are 
defined in the previous section. They correspond to extremal conditions of the dynamical 
metric in unitary gauge. It has been demonstrated before that they are equivalent to an 
extremal condition for the massive action U{g, 0) [71[T6l[T7|. The extremal condition applied 
to the potential defined in eq. ([^, implies: 


dU{g,(f)) = 


( dUjgA) 

V dg 


dg + 


( dU{g, (f)) 

V ^9 


dcj). 


( 20 ) 


The details of the potential expansion are not relevant at all. What is important is that 
U{g, (f)) can be expressed in terms of matrices of the form = y/g^'^g-^^- For the cases 
with all the gravitational degrees of freedom inside the dynamical metric, then eq. (20) 
becomes: 


and this is just equivalent to: 



0 , 


( 21 ) 


dg = 0. (22) 

This previous condition has to be applied to all the components of the dynamical metric in 
unitary gauge. If we want to calculate the Vainshtein radius, all what we have to do is to 
translate all the degrees of freedom (in any coordinate system) inside the dynamical metric 
and then after we can apply the conditions (22), after which we can solve the equation 
for the scale r = ry [IS1[I7|. The conditions (|22[), are the ones necessary for expressing 
the Vainshtein mechanism in terms of Stuckelberg functions. Note that eq. (22) is just 
equivalent to eq. (18). 


V. THE NAMBU-GOLDSTONE THEOREM: THE SIGMA MODEL 

Here as an example for the Goldstone theorem and the subsequent Higgs mechanism, 
1 consider the the linear sigma model. Consider this model for N scalar field (/>(x)h The 
Lagrangian is given by: 
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( 23 ) 


£ = l(d,<t>r+lA<t>r-^i(4>r?, 

which is invariant under the following transformation: 




(24) 


This transformation is just a representation of the 0{N) group, namely, the group of or¬ 
thogonal matrices in N dimensions. The potential of the Lagrangian (23) is given by: 




(26) 


This potential has a minimum when: 


(4’ff- = y. (26) 

From this previous condition, we can determine the magnitude of 0 q, but not its direction. 
Then the direction is in principle arbitrary. We can select some arbitrary direction, for 
example we can select 0 q as: 


0* = (0,0,...,0,n), (27) 

with V = n/y/X. If we re-define the vacuum in agreement with the shift: 

(p{x) = + a{x)), (28) 

with k = 1,N — 1. The Lagrangian in terms of the fields 7i^{x) ans (^{x) becomes: 

£ = - l(2y)(r^ - - Va^(x‘)V - - ^(x‘)V^ - ^i(x‘)y. 

(29) 

This Lagrangian clearly contains N — 1 massless Tr^-fields and one massive field a. Then 
there are N — 1 broken generators and they correspond to the Nambu-Goldstone bosons. 


A. The Nambu-Goldstone theorem 

Here I will summarize the results due to the Nambu-Goldstone theorem. We have seen 
in the previous explanations that the sigma model provides a basic example of the theorem. 
In this example, the symmetry 0{N) is broken and then the symmetry 0{N — 1) remains 
after selecting some vacuum. Here I will explain how the sigma model is a consequence of 
a more general theorem, namely, the Nambu-Goldstone theorem. Note that in general, the 
potential H(0*), can be expanded as: 

V(^) = V(M + )(•(-- - M" ^ (30) 

where dV/d(j)°' = 0, since we are expanding around an extremal point. The mass matrix is 
symmetric and given by the coefficient: 
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FIG. 1: The potential for the spontaneous breaking of symmetry of the 0{N) symmetry, for the 
case of = 2. Taken from [T8] . 






V] = 

4>o 


= £ 0 - 


(31) 


This previous condition is due to the fact that 0o represents a minimum. At this point I 
will assume that the full action given by: 


£ = {kinetic terms) — V{(()), (32) 

is invariant under the the action of the group G = 0{N). In addition, we assume that 
the selected vacuum state is invariant under the action of a subgroup of G, given hj H = 
0{N — 1). The vacuum state is not invariant under the action of the full group G. In resume: 


G: 0“' = ^ C 


(33) 


H: ^0 = U{h)4>l = (34) 

where U{g) and U{h) denote the representations of the groups G and H respectively. How¬ 
ever, the potential V (0) is still invariant under the action of the full group G. The action 


of this group on the potential expansion (30) gives the result: 




(36) 


where T°'{4>) is the generator of the group transformation. In the U{g) representation for 
example, it would take the form: 


U{g) = e' “ ^ J + ^ U{h)ro = + «T“(0o), 

where T°'{(j)) denotes the action of the operator T“ on the function state 0 
the result (p5| inside the expansion (30), then we get the condition: 


(36) 

. If we introduce 










( 37 ) 


T-{<t>o)T\ct>,)^^V{ct>) = T-{ct>o)T\ct>,)ml, = 0 . 

Note that if T“(0o) = 0, namely, when the vacuum state selected is invariant under the 
action of the the group, then the corresponding mass component rUab is not necessarily zero. 
On the other hand, when the symmetry generator is broken, namely, when the group element 
belonging to G does not leave the vacuum invariant, then T“(0o) 7^ 0 and then the mass 
components related to this condition are necessarily zero {mat = 0). Then the number of 
broken generators are clearly related to to the existence of the Nambu-Goldstone bosons. 
In resume, the number of fields whose mass is not required to be zero, is determined by the 
dimension of the subgroup H under which the vacuum is invariant. On the other hand, the 
number of Nambu-Goldstone bosons (massless particles) is determined by the dimension of 
the coset G/H. The results of this section were taken from |18j . 


B. Charge conservation 

In quantum theory, the Goldstone theorem suggests that if there is a held operator (p[x) 
with non-vanishing vacuum expectation value < 0|(/>(x)|0 > and in addition, the vacuum 
expectation value is not a singlet under the transformations of some representation of a 
symmetry group, then some massless particles will appear in the spectrum states. It is well 
known that up to a total derivative term in the action (Lagrangian T), the conserved charge 
is given by: 


d£ 6(j){x) 
5a°- 


(38) 


where 6(j){x)/Sa corresponds to the held variations under symmetry transformations of the 
Lagrangian. The previously dehned current is divergence-less and the corresponding charges 
are given by: 



In the standard cases, these charges are conserved, dQ°'/dt 
commutation relations given by: 


(39) 


0, and they have a well dehned 


[g“, (40) 

where are the structure constants of the Lie algebra. We can dehne an unitary operator 
with the charge being the generator of the group transformations: 

U = (41) 

If the vacuum is non-degenerate, then the previously dehned charge annihilates the vacuum, 
namely, U\0 >= |0 >, or equivalently: 


g“|0 >= 0. (42) 

When the vacuum is degenerate, then these previous conditions are not satished and in 
general: 
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U ^ Q“|0 0. (43) 

This case is the interesting one for the purposes of this manuscript. It is not difficult to 
observe that in dRGT massive gravity, for the black-hole solutions, the mass of the black- 
hole will play the role of the charge. In fact, the apparent non-conservation of the Komar 
and ADM mass in the non-liner theory of massive gravity, is a consequence of the fact 
that the vacuum is degenerate after the Vainshtein radius [H ED]. The apparent non¬ 
conservation is provoked by the presence of the extra-degrees of freedom appearing after 
the Vainshtein scale. Their presence, creates a distortion of the notions of time perceived 
by observers located at scales larger than the Vainshtein one. The distortions of time, 
specifically in its periodicity in the complex plane after analytical extension is what generates 
the effect of extra-particle creation process for a black-hole inside this theory mi. As 
has been explained before, this extra-component of radiation comes from the mismatch 
between the periodicity of the function To(r, t) and the standard time-coordinates t. These 
previous effects are all consequence of the direction deviations between the Killing vector 
in the direction To(r, f) with respect to the one dehned in the direction of t. At this point 
we can recognize a connection between the standard Nambu-Goldstone theorem with the 
related Higgs mechanism when the symmetries involved are local; and the mechanisms 
responsible for the particle creation process of black-holes, namely, mechanisms related to 
the conformal symmetry. This manuscript can also be perceived as a connection between the 
Higgs mechanism and the particle creation process of black-holes when we consider gauge 
symmetries. Returning to the main topic of this section, if the operator (l){x) is not a singlet, 
then its commutation with the charge Q°^ is non-zero and given by: 


[Q“,0'(x)] = (i){x). 


The vacuum expectation value of this operator is given by: 


< 0|QV(a;) - 0'(a^)QlO 0. 


If we introduce the definition of charge given in eq. (39), then we get: 


(44) 

(45) 


^ f d^y [< 0|j(((?/)|n >< n|0'(a:)|O > - < O|0'(a;)|n >< n\jS{y)\0 >]^o=j^o ^ 0, (46) 

n 

where the equal-time condition has been imposed. After some trivial calculations, this 
previous expression hnally becomes: 


n 


< 0|jo(0)|n >< n\(j)'{x)\Q > — 


< O|0'(a;)|n >< n|jo(0)|0 > e 


(47) 

which must be different from zero in agreement with the previous results. Note that 
and the spatial integrals were evaluated. The current conservation guarantees that the 
previous expression is independent of y^. Then it is trivial to observe that = 0 and this 
proves the Goldstone theorem. The proof elaborated in the previous way can be found in 

iza. 
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VI. THE HIGGS MECHANISM: LOCAL GAUGE SYMMETRY 


In the previous section we observed that the Goldstone theorem is a consequence of group 
theory and the exact form of the potential is not important at the moment of understanding 
how many Nambu-Goldstone bosons appear after breaking the symmetry. Notice that in 
the previous section in order to get the Goldstone theorem result, it was enough to consider 
global symmetries for the Lagrangian. In this section, I will explain the Higgs mechanism. 
The Higgs mechanism appears when we consider local gauge symmetries. Gonsider for 
example the Lagrangian: 

£ = D^ct)*D^ct) - (48) 

where + is the corresponding covariant derivative, which transforms like the 

held 0 under local gauge transformations. The potential for the previous Lagrangian is given 
by: 


V (0, 0*) = m£(j)*(j) + A(0*0)^. (49) 

The action is invariant under the following transformations: 

0 ^ 0* ^ ^ - ^d^e{x). (50) 

The ground state is given by: 

I^I=(-2a) 

Note that m cannot be interpreted at this point as the mass but rather as a parameter. In 
fact, m? < 0 is necessary in this case. Since the vacuum breaks the symmetry, this means 
that we are working around the wrong vacuum, then we can redehne it by using the following 
shift: 


0(x) = a + 


01 (x) + i02(x) 

72 


In terms of this held redehnition, the Lagrangian (48) becomes: 


( 52 ) 


£ — ~^F^^F^i^ + + -(0ii0i)^ + -(0/^02)^ ~ 2\a£(f)\ + A/2eaA^0^02 +. (53) 

Note that there is a mix between the kinetic term of the held 02 and the massless vector 
held A^. Then we can eliminate the 02 held by doing the following transformations: 


0'l = 01 - A02, 

02 = 02 + A01 + 72 Aa. 

After introducing these set of transformations, we get: 

£ = + \(aAi? - 2Aoy; + ... 


( 54 ) 


( 55 ) 
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We can observe that this Lagrangian has two helds, namely, one vector held which is 
massive and a second scalar held 0i, which is massless for a total of four degrees of freedom. 
The degrees of freedom (one) represented by the held 02 has been eaten up by the vector held. 
Then the Nambu-Goldstone bosons produced after symmetry breaking, can be eaten up by 
other helds and then such helds become massive. The gauge represented by the Lagrangian 
(55) is called unitary gauge because it represents the gauge where physical particles will 
appear. The Higgs mechanism as explained in this section, is taken from 1211 . 


VII. MASSIVE GRAVITY IN A FREE-FALLING FRAME OF REFERENCE 

Here I will analyze the theory around a ’’free-falling” frame satisfying the condition 
f{Sr) —1 locally for any observer. The dynamical metric in this case is not necessarily 
Minkowski inside the massive gravity formulation if the Stiickelberg function is expanded 
on it at the perturbative level. Under stationary solutions, only when the spatial derivative 
of the Stiickelberg function vanishes, the free-falling metric is conformal to Minkowski. The 
free-falling condition, also constraints the behavior of the Stiickelberg function for the case 
of two free-parameters for the massive action, if we impose the regularity condition at the 
future event horizon as has been explained in [S]. For the case of one free-parameter with the 
Stiickelberg function arbitrary, the free-falling condition does not provide any constraint on 
To(r, f). The explicit form of the Q-matrix appearing inside the massive action, will depend 
on the case under evaluation. Here I explore the two cases at the background level. 


A. Case i). Two-free parameters and the Stiickelberg function constrained by 
regularity conditions 

In such a case, the Stiickelberg function is given by [9]: 

= (56) 

Note that in a free-falling frame, then TQ(r, t) = 0 since f{u) —>■ 1. Then the Q-matrix given 
in eqns.([^ and (|^ become: 

in agreement with the notation given in [9]. If we introduce this result inside eqns. 0.0 
and (|^, then we obtain: 


t^2(^,0) = 


^2 


U3{g,4>) = 


24(-l + ^)= 

^3 


^4(i7,0) = 


24(-i + sy 


(58) 


Note that for the case S' = 1 the massive action vanishes independent of the time orientation 
with respect to To(r, t). This is consistent with what has been already found in [9]. On 
the other hand, for any value taken by the parameter S, at the background level, the 
massive action will behave as a cosmological constant term. Different case is expected at the 
perturbative level, where the massive action will have a non-trivial behavior (to be analyzed 
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later). The previous results demonstrate that the symmetry under time translations exists 
for the observers working on a free-falling frame of reference at the background level. In 
other words, there is no preferred time orientation and the physics will be independent on 
the frame of reference selected by the observer. This is equivalent to a local Vainshtein 
mechanism and is independent of the position of the observers with respect to the source. 
In other words, the equivalence principle and the Vainshtein mechanism in time-domains 
are directly related for this case due to the condition TQ{r,t) = 0 appearing naturally in a 
free-falling frame. The usual physics of GR in a free-falling frame of reference is recovered 
at this level. 


B. Case ii). One free-parameter with the Stiickelberg function arbitrary 


For the case of one free-parameter with the Stiickelberg function arbitrary, the behavior 
is not as trivial as in the previous case. Here it is not possible to assume T^ir^t) = 0 for a 
free-falling frame, then the Q-matrix for this case becomes: 


/ 




/ 


2 - 


S 


\ 


S 4- 


S 


n{r,t) 


1/2 


\ 


mr,t) 


52 4- 


s 


52 4- 


s 


S 4- 


s 


1/2 


V 


0 

0 


0 

0 


0 


(59) 


y 


Note that if T^ijr^t) = 0, we recover the previous case. Here is evident that the presence 
of the term TQ(r, t), can potentially break the vacuum symmetry for a free-falling observer. 
In fact, if the observer defines the time in agreement with To(r, t), then his/her Q-matrix 
will be defined in agreement with eq. (57). If the observer in a free-falling condition dehnes 
his time arbitrarily, then his Q-matrix will be defined in agreement with eq. (59). In this 


case however, at the background level these effects cannot be perceived. In fact, the massive 


action corresponding to the matrix (59) is: 


U{gA) = 


2 -f- 6a(l -t- a) 




( 60 ) 


after introducing the result (|59|) inside eqns 
„2 


_ g. @ and (|^ and then using eq. ([^. Note 

that here (3 = a‘^ and S = a/(l -|- a). The result (60) is independent of To(r, f). This 
means that the massive action again behaves as a standard cosmological constant term at 
the background level. Different situation will appear at the perturbative level. 


VIII. PERTURBATION AROUND A FREE-FALLING FRAME 

In the previous section, I have analyzed what happens to the massive action in a free- 
falling frame at the background level. For the case with two free-parameters with the 
Stiickelberg function constrained to behave as a Finkelstein-type coordinate in order to 
guarantee regularity, the analysis at the background level revealed that the massive action 
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is just a cosmological constant term. At the perturbative level however, we expect a Fierz- 
Pauli behavior or something similar. What is interesting is the fact that the graviton mass is 
hxed at this level (with the two free-parameters of the potential arbitrary). For the second 
case, namely, with one free-parameter and the Stiickelberg function arbitrary, the behavior 
is not trivial but in fact, it is the most interesting one for the purposes of this manuscript. 
Here I will make the perturbation analysis for both cases. 


A. Case i). Two free-parameters with the Stiickelberg function constrained 

In this case, the perturbation of the Q-matrices is in agreement with the method devel¬ 
oped in [^: 


(SQ^.KQ^ - VJ + = -6{My, = h%{M^) 




(61) 


Taking into account the result (57) at the background level and the generic perturbation 
equations (61), we obtain the following results for the potential: 


SU{g,(j)) = 


{1 + 2a-\- + 2a^ =F 2o?‘\Ja^ — /3 -1- (—3 ± 2\Ja^ — (3)(3 — 3a(l + /9)) h[r,t] 


{a ± — /3 -1- /3y 


(62) 

where the positive or negative sign for the root square terms is selected depending on the 
branch of solutions selected for the scale factor S in agreement with [H]. Here h{r,t) is the 
trace dehned in agreement with the metric: 


5 


ds^ = S'^dslj, 


(63) 

with ds\j being the standard Minkowski metric as in the Special Relativistic case. From the 


result (63), it is clear that the dynamical metric in a free-falling frame with the Stiickelberg 


function constrained to behave as as a Finkelstein-type coordinate, is conformally trivial. 
The trace is explicitly given by h{r,t) = (—hoo(r, f) -|- hrr{T,t))/S^. With these previous 
results, we can expand the massive action y/—gU{g, 0) up to second order. The perturbative 
expansion of the root square of the determinant for the dynamical metric is 


5“ (i + - \hyA + gfc"). 


(64) 


then the massive action is clearly given by: 


V^U{g,4>) « S- il + y(g,4>yA + i5C/(9») , (65) 

where U{g,(())back corresponds to the background value of the potential and 6U{g,(j)) is the 
perturbation around the background. The relevant terms for the expansion up to second 
order in the graviton held are: 


^u(g,4>) » sRl + \h - tfcyfcy + + sRl + \h\ 


( 66 ) 
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Here the first term on the right-hand side behaves as a cosmological constant one expanded 
np to second order in perturbation theory. For simplicity, we can express the perturbation 
of the potential U{g,(j)) as SU{g,(j)) = F{a,/3)h, with a and [3 representing the two-free 
parameters in addition to the graviton mass. Here F{a,(3) is dehned in agreement with eq. 
(62). Note that S' is a function of the same set of parameters. Then eq. (66), is equivalent 
to: 


sf^U(g,4>) X S'‘U(g,4>)i^i + h (^U(g,4>)i^i + S‘‘F{a,l3)\ - ^h“^h^JJ(g,4>)t^ 

+A" (^^1/(9,^),..*+ yF(a,,3)) .(67) 

If we dehne the potential in agreement with y/—gU{g, 0) = V{g,(j)), then we can hnd the 
vacuum solutions if we solve: 


which in this case is equivalent to: 


dV{g,(f)) 

dh^i/ 


( 68 ) 


S ( 2 back -^(*^ 7 /^)^ ( 2 ^ i.9'! 4^^backd^i/vac~^ S ^ 4^) back “t“ -^(*^7/3)^ 0, 

(69) 

where is just the standard Minkowski metric which is conformally related to the real 
metric (see eq. (63)) and the subindex vac makes reference to the vacuum solutions. Solving 
for this previous expression, we get: 


^OOvac 


= —hr- 


= A{a,/3) = 


S^{2F{a,f3) + U{g,cP),ack) 


h 


Qrvac 


= 0 , (70) 


4F(a,/3) 

where we have dehned H(q;,/ 3) as a function of the parameters a and {3. Fig. ([^ shows the 
behavior for each vacuum component. Note that for the case a = 0 or /d = 0, the vacuum 
states vanish. This behavior can be better visualized in Fig. (|^. In this situation, there 
is no dynamical origin of the graviton mass because there is no spatial dependence of the 
Stiickelberg function. Here we can evaluate the mass matrix for the present potential. The 
matrix is obtained by evaluating second derivatives with respect to the potential (67). The 
parameter-dependent matrix mass is given by: 


= -^Utrck(g, <l>)rrfC + S^rrrC f ic/(9. + F{a, I3)\. (71) 

From this result, we can hnd the eigenvalues, which would correspond the parameter- 
dependent mass for some specihc modes. Here however, the eigenvalues would not cor¬ 
respond to a dynamical graviton mass because there is no gauge-held associated to the 
masses and the Stiickelberg function is absent. The analysis about the mass for the diherent 
modes can be found in HT]. 


15 









FIG. 2: The vacuum state representative for the potential (67) as a function of the parameters 
a and j3. The yellow color plot corresponds to the vacuum component for hoo and the blue color 
corresponds to the component hrr- It is easy to visualize the symmetry between both components. 
This plot corresponds to the positive root square branch of the scale parameter S as has been 
dehned in [9]. For the negative branch, analogous conclusions can be found. 



FIG. 3: The plane a-(3 corresponding to the vacuum state of Fig. ([^. Here we can perceive 
a parabolic behavior between both parameters in some region of the plane. This portion of the 
figure, corresponds to the vacuum state for /iqo- The vacuum state for hrr is the mirror image of 
this figure. 
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B. Case ii). One free-parameter with the Stiickelberg function completely arbi¬ 
trary 

For this case, the condition = 0 is not necessarily satished for a free-falling refer¬ 

ence frame and then the structure of the perturbation for the Q-matrices is not necessarily 
as trivial as in the previous case. By using the same procedures based in the most generic 
formulation for perturbation theory in massive gravity found until this moment in [9] , then 
we can divide the analysis in two cases. 


1. Vanishing spatial dependence of the Stiickelberg function: TQ{r,t) = 0 


This case can be derived directly from the one with two free-parameters if we just take 
into account that /3 = in eq. (67) for the present situation. It is trivial to demonstrate 
that for this case: 


and: 


back 




2 + 6a(l + a) 
(1 + a)^ ^ 

h{r,t) 


1 -|- CK 


(72) 


( 73 ) 


Then the total action, expanded up to second order in perturbation theory, is in agreement 


with the generic result (66): 


V^U{g,(j)) 


l + -h- -1- -h^ 

2 4 ^ “ 8 


2 + 6a(l + a) 

(1 + ay 


-( 1 + -h 


1 “h CK 


(74) 


If we evaluate the condition (68), then we obtain for the potential (74) the following result: 

1 -|- 




rx^back “ 1 “ 4 ^backhyac 


1 “h Q( 


Ih 


fiivvac 


^back 0 ? 


( 76 ) 


where is the background metric which is trivially related to Minkowski through the 
conformal transformation due to the factor S as in eq. (63). Solving for the graviton held. 


we hud that the vacuum is represented by the following set of solutions: 




a 


a 


OOvac — 


2{l + ay' 


2(l + a)5’ 

^Orvac 0 ? 


( 76 ) 


where the subindex vac makes reference to the vacuum state. From Fig. (|^, we can observe 
the behavior for the vacuum state as a function of the free-parameter a. Note that in general 
the trace of graviton held is non-zero, except for one well dehned value of the parameter 
a. Although the plot covers a large range of values, it is understood that the condition 
\h\ << 1 must be satished. Note that the vacuum satishes the relation hoo/hrr = —1. Then 
the vacuum state represented by the potential (74) is given by a straight line with negative 
slope, where the axes are represented by the components hoo and hrr as it is illustrated in 
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FIG. 4: The vacuum state representative for the potential (74) as a function of the free-parameter 
a. The blue line corresponds to the component hoQyac of the graviton field. The yellow line 
corresponds to the component hrrvac- Note that in general the trace is non-zero. It becomes zero 
for the case (hoovac = 0 and hrrvac = 0), obtained for some specihc value of the parameter a. The 
condition \h\ « 1 is assumed even if in the hgure this constraint does not appear explicitly. 



FIG. 5: The same vacuum state represented by Fig. Note that there is a fixed relation between 
the vacuum components hoovac{r,t) and hrrvac{r,t). All the line represents the possible vacuum 
states depending on the parameter a. 


Fig. (|^. The same logic applies to the previously analyzed case. If we compute the matrix 
of second derivatives for the potential (74), then we find that the matrix mass is given by 
the result (71) but with ^ = o? HZ]. Again in this case there is no gauge field associated to 
the graviton mass. Then we cannot consider the present situation as a Higgs mechanism at 
the graviton level. Thus although different values of a represent different notions of vacuum, 
there is no dynamical origin of the graviton mass at this level. The analysis for the masses 
corresponding to different modes, can be found in [ni¬ 


ls 














lAvac I 



FIG. 6: The determinant of the vacuum matrix corresponding to the graviton field h and the 


solutions (76). Note that the determinant vanishes for a = 0, consistent with the vanishing values 

of hnnuar. and hrruar- 


2. Non-vanishing spatial dependence of the Stiickelberg function: TQ{r,t) / 0 

For this case, and for all the previous cases, I have assumed that stationary condition 
for the dynamical metric, in other words, TQ{r,t) = S, with S being dehned such that 
the dynamical metric is conformally trivial when the spatial dependence of the Stiickelberg 
function vanishes and in addition, gravity effects are absent at all. This is not the most 
general situation, but it is enough for understanding the physics behind the Higgs mechanism 
at the graviton level. In this small section, I will assume that Tg(r, f) ^ 0. This is possible 
given the arbitrariness of the Stiickelberg function for the case of one free-parameter as has 
been analyzed in Pj. The background is independent of the Stiickelberg function for this 
case. However, at the perturbative level, the effects of the Stiickelberg function and its 
spatial-dependence will appear. It is this situation what makes attractive the analysis of 
this sub-section. The potential expanded up to second order in perturbations becomes: 




-ii + y. 


1 -|- 


, 2T'(r,f)(l + a)\ T'(r,f)2(l + 

H-5-UOr-^- 






+ ..., 


(77) 


For perturbation theory purposes, I will consider TQ{r,t) ^ M << 1. In other words, I only 
consider inhnitesimal departures from the trivial result T^ijr^t) = 0. Then here I consider 
TQ{r,ty as a second order term in the expansion of the action. Here we can also calculate 
the vacuum condition by using eq. (68). The result is: 




r,^i.9y 4^')back T . ^backh “t” 


h 


To{r,t){l + af 


2(1 +a) 






T[,{r,tni + af 

2a^ 


2 ^back 


i + ^h 


hor + + -h 

To{r, t){l + af 




1 “h 

{%oV> 


+ViyoVar) = (78) 
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FIG. 7: The behavior of the vacuum when the Stiickelberg function is non-zero for the solutions 
(80). The components /iqo (yellow color) and h^r (blue color) are partially mirror image each 
other. The mirror symmetry is lost due to the presence of terms depending explicitly on Tg(r, t) 
in the solutions (80). The green color corresponds to the vacuum solution for the /lor- Here the 
Stiickelberg function is parametrized in agreement with M. The Stiickelberg function has been 
expanded up to second order. 


where corresponds to the dynamical metric in the absence of gravity. However, in 
this case, dne to the presence of the Stiickelberg function, the metric is not conformal to 
Minkowski. In this case, it is given by: 


ds^ = -d^ + dr^ 


1 - 


To{r,t) 

S 


- 2 


n{r,t) 

S 


dtdr + r^dVL^ 


(79) 


Note that for the case TQ{r,t) = 0, we recover the previous cases. We can consider the 
deviations with respect to Minkowski for this case as perturbations generated by the presence 
of the extra-degrees of freedom. In other words, the term Tg(r, f) is considered as hrst order 
in perturbations. By replacing the metric (79) inside eq. (78) and then solving the system 
of equations involved, we obtain: 


hn 


hr 


a^[2 -|- q ;(6 -|- q ;(6 -k a))] 

2(1 + a)5 

a^[2 + a{6 -k q;( 6 -k a))] 


^Orvac 


2(1 + a)5 

TQ(r, t)a{2 -k a[12 -k q;(30 -k a(38 -k q;(24 -k q;( 6 -k a))))]} 
2(l + a)4(l + 3a(l + a)) 


+ T'(r,t)2H(a), 

= T'{r,t)C{a), (80) 


where A{a), B{a) and C{a) are functions depending on the parameter a. Note that the 
corrections due to the Stiickelberg function presence are quadratic at the lowest order for 
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FIG. 8: The same figure Q but observed from a different angle. From this perspective it is clear 
the symmetry between the /ioo and components of the graviton field in its vacuum state. The 
symmetry disappears at the quadratic order in the Stiickelberg function expansion. 



FIG. 9: The determinant of the vacuum solution given in eq. (80). Note that around the region 
TQ(r,t) —>■ 0, there exists an extremal condition for the value of the determinant. On the other 
hand, another extremal conditions appears for a —)• 0 and TQ(r, t) —)• 0. 


hoovac and hrrvac- They are also of linear order at the lowest order for horvac- If we work for 
an inhnitesimal valne of then the relation between the vacunm components hoovac 

and hrrvac wonld be exactly of the same form as in Figs. (|^ and ([^. Only the higher order 
contribntions of the Stiickelberg fnnction break this mirror symmetry between these two 
components. The non-diagonal component horvac is linear in and it does not exist for 

a vanishing value of the Stiickelberg function. The hgures ([^ and ([^ represent the behavior 
of the vacuum solutions (80). Note that in the region around TQ(r, t) —)■ 0 (M in the hgure), 
there is a multiplicity of values taken by a, for which we have absence of gravitons at the 


vacuum level. We can calculate the determinant for the vacuum solution (80). It becomes 


a complicated solution in terms of a and TQ(r, t). Here I express the result as: 


\h 


fiiy\vac 


= C{a) -b TQ(r, tYD{a) = v. 


(81) 
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The vacuum is then degenerate and assuming that we can fix C{a) to be zero, still we have 
the degeneracy associated to the Stiickelberg function TQ{r,t). An important value, is the 
one for which the determinant vanishes. In fact, n = 0 in eq. (81) when: 




1/2 


(82) 


Note that in the previous derivations, for the calculation of the vacuum condition, it was 
assumed that To(r, t) is constant when the variations with respect to the graviton field were 
considered. In other words, To{r,t) is considered as an independent field. More specifically, 
it is a parameter inside this family of solutions. Here we could also calculate the eigenvalues 


for the matrix mass given by the second derivative of the potential (77). Here I will not do 


the calculation because it is not the main purpose of the manuscript. What is interesting to 
notice at this point is that the dynamical part of the graviton mass, comes from the spatial 
dependence of the Stiickelberg function T^ir^t). In this section, this part behaves as the 
mass parameter of the theory. In the next section, I will formulate the Higgs mechanism at 
the graviton level and in such a case, Tg(r, t) has a double role, namely, not only it appears as 
the mass parameter of the theory which defines the relative positions between the false and 
physical vacuum, but in addition, it provides the gauge-part for the Christoffel connections 
which behave as gauge-fields, able to provide the graviton mass dynamically. 


IX. SYMMETRY BREAKING PATTERN AND HIGGS MECHANISM 


From the previous analysis, it is clear that there is a degeneracy in the vacuum solution 
and that the Stiickelberg function has two roles. It is related to the mass parameter of the 
theory, analogous to the /i-parameter in the case of a scalar field (see eq. ([2^). This can be 
observed explicitly for the case when we have one free-parameter with To(r, t) arbitrary. In 
massive gravity, the position of the false vacuum relative to the physical one depends on the 
value taken by the Stiickelberg function. In general, the action is invariant under the full 
diffeomorphism transformation defined as in eq. (0. The vacuum represented by eq. ( [^ 


is in general non-zero and not invariant under the action of the full set of transformations. 
Then it is necessary to shift the fields such that we can expand the perturbations around 
the physical vacuum. The Stiickelberg function behaves as a preferred time direction for 
the vacuum field. Then although the action is invariant under a local gauge symmetry, 
the vacuum symmetries related to the time-direction are broken for the case of one free- 
parameter and the Stiickelberg function arbitrary. Then any diffeomorphism transformation 
connected to the time-coordinate is in principle broken at the vacuum level. Due to the 
preferred time-direction To(r, t), the observers defining the time in agreement with To(r, t) 
will not perceive the graviton mass effects in a dynamical sense. This means that they will 
not perceive locally the spatial variation of the Stiickelberg function. At this level, any 
symmetry transformation involving the time, should be considered as a potential broken 
generator inside this solution depending on how the observers define their notion of time 
(frame of reference). As an example, if the symmetry under consideration is the Lorentz one, 
then we have three potential broken generators corresponding to the three boost directions. 
However, knowing how many Nambu-Goldstone bosons correspond to the number of broken 
generators is not an easy task at the spacetime level. Some progress has been done in 
For internal symmetries in non-relativistic systems, the solution for the relation between the 
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Nambu-Goldstone bosons and the number of broken generators has been found in [23]. At 
the most basic level, we expect a symmetry breaking pattern of the form 


S0{3,1) {G)^SO{3) {H), G/H, (83) 

with the coset space dehned in agreement with the number of broken generators. The 
broken generators in our case are those set of transformations related to the time coordinate. 
Here 50(3) is just the symmetry under rotations and the related generator is just the 
angular momentum. The previous expression then suggests that the symmetry under spatial 
rotations is still valid after the observers make the selection of frame of reference. In other 
words, the angular momentum is still well dehned after the symmetry is broken. The 
symmetry breaking pattern illustrated in eq. (83), explains why in mi, it was discovered 
that under the spherically symmetric assumption, as far as the time coordinate is excluded, 
everything in dRGT massive gravity is exactly the same as in the GR case. Only when 
dynamical processes are considered, the departures with respect to GR are evident. In the 
Hawking radiation analysis for example, from the path integral formulation analyzed in [8] , 
it is evident that an extra-component of radiation will appear due to the distortions of 
the periodicity patterns of the propagators produced by the extra-degrees of freedom. The 
periodicity of the propagator is related to the U{1) symmetry, which is related to the coset 
of broken generators (coset space). Then the results of the present manuscript can also be 
perceived as a connection between the usual spontaneous symmetry breaking mechanism 
and the conformal symmetry breaking mechanism which is the responsible for the Hawking 
radiation effect. If the vacuum values for the graviton held are non-zero as has been found 
in eqns. (80) and in the vacuum determinant given by eq. (81), then the perturbations 
are considered physical if they are expanded around the physical vacuum which is obtained 
after shifting the solutions (h^i,) in agreement with the results (80). In other words, we have 
to expand the perturbations around the degenerate vacuum. By repeating the standard 
techniques, we can shift the solution such that we work around the physical vacuum. Then 
we dehne: 




fiuvac-i 


(84) 

where h^yvac is dehned in agreement with the vacuum components (80). Then the action 


has to take the corresponding shift. If we take the Riemmann tensor to be: 


RXflUK „ 




Xu 


ay 


flU 




Xk, 


+ 






dx^dx^ dxg\,yX^ dx^dx^ 


+ 9ria (r 


V per _ p»? per N 

fiK ^ kX^ fipJ , 


(85) 


with the appropriate contractions, we can then hnd the Ricci scalar as RxfivK- At the 


linear level, if we want to compute the kinetic term for the action, we can ignore the power 
expansion for in eq. ([^. This expansion however, cannot be ignored when we consider 
the potential (massive action). At the background level, then we can use -y/^ = S^. By 
taking into account the dynamical metric components given in eq. (79), some terms of the 
form: 


dx'^dx^^^^ 


^2 


dx'^dx'^ 






dx'^dxf^ 


90r 




dx^dx^^ 




( 86 ) 
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will appear at the end of the calculations for the hrst term on the right hand-side of (85). 


Note that in eq. (86) we have not yet introduced the physical perturbation (84). However, 


this is a trivial part and it will only introduce new terms depending on the derivatives of 
To{r,t). We only have to take into account that in general: 




^2 




-,h,. 


(87) 


dx^dx^ dx'^dx^ dx'^dx^ 

Then we can easily calculate the derivatives around the appropriate vacuum dehned in eq. 


(80) for the different components if we use the results: 




dx^dx^ 

dx^dx>^ 


hoovac = kl(«)[4(T"(r,t))2 + 4T'(r,t)T'"(r,t)]5"//^„ 
Kr,ac = 5(a)[4(T"(r,t))2 + 4T'(r,t)T"'(r,t)]5^,5"„ 




dx'‘^dx^^ 


lki„ac = C(a)T^'(r, t). 


( 88 ) 


For these previous type of terms, all the other expressions are standard. Regarding the linear- 
order approximation for the second term for the Riemmann tensor, we have to calculate the 
extra contributions of the connections coming from the To(r, f) contribution as: 


nA 

fiuextraS 


fii/extral 2 ^4 " 0 *^ 0 1 


:9pi. 


pA 

fii'extra2 


.1 If I + 

2 5'3 " 0*^ »■ 1 .. '‘ou T •• 


d 


= + 2Ti(r,t)TS{T,t)S\S'-/% - 2STS(r,t)S\J°MS'-^^ + ... 


(89) 


with all the other terms being standard. Again in this case, we still have to expand the 
graviton held around the physical vacuum, such that we can work with the physical helds 
dehned by in eq. (84). This is possible again by using analogous results as in eqns. (87) 


and (88). The explicit terms are: 


A 

dx’- 


hoovac = ^A{a)T'{r,t)T^6\, 


dx^ 


h,,,„, = 4R(a)T'(r,t)T'W„ 


dx'' 


hor,ac = C{a)T'^{r,t)5\. (90) 


Note that by considering TQ{r,t) inhnitesimally close to zero, it is possible to ignore some 
of the previous contributions. What is important to notice at this level is that the terms 


TT for the second part of the Riemann tensor dehnition in eq. (85) can be considered to 


vanish for a free-falling frame in GR. However, in massive gravity, at the perturbative level, 
we have to retain the contributions coming from the Stiickelberg functions because To(r, t) 
is arbitrary. In this case, it is evident that the term TT will be equivalent to the gauge-held 
which provides the graviton mass dynamically. It is analogous to the photon held term 


in eq. (53). The connection T is an explicit function of the derivatives of the Stiickelberg 
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function, 
in eq. 


The contractions in order to derive the Ricci scalar, for the kinetic term given 
(86), can be done with the conformal Minkowski metric = S'^dsj^ given by eq. 


(63) without considering the Stiickelberg function. This is correct since here I am assuming 


rQ(r, t) to be infinitesimally close to zero and the kinetic terms should be considered as 
second order contributions as in the usual perturbation analysis around Minkowski. For the 
case of the connection terms, if we make the relevant contractions and after expanding for 
small values of TQ{r,t), the hnal form of the Lagrangian is: 


£ = £eH + F{v,a){TT) gauge + R(5',0), 


(91) 


where £ eh is the Einstein-Hilbert Lagrangian, F(u, a) is a function of the vacuum parameter 
defined in eq. (81). This term represents the shift of the physical vacuum relative to the 
false vacuum and it is the responsible for the appearance of the massive term. The T 
matrices correspond to the portion of the Christoffel connection which depends explicitly on 
the Stiickelberg functions at the perturbative level. Here we can see that the graviton mass 
comes dynamically from the gauge fields T. For a vanishing spatial dependence of To(r, t), 
this term vanishes. This term then will appear for observers dehning the time arbitrarily 
with respect to To(r, t). The observers defining frame of references in agreement with To(r, t), 
will not be able to detect the dynamical massive term neither. This situation is analogous to 
an spontaneous magnetization below certain temperature in the ferromagnetic phenomena. 
Note that in addition, the spatial variation of To(r, f) is the responsible for the appearance 
of the function depending on v. V{g,(f)) = is the potential expanded up to 

second order in perturbations and it might contain some mix terms that can be absorbed 
after some trivial transformations. For concluding this section, we can remark two scenarios. 
The first one, imagine an observer traveling from infinity scales r —)■ oo and approaching 
eventually to the source located at r = 2GM approximately. This observer will describe 
a degenerate vacuum if he is located at scales larger that ry (the Vainshtein radius). At 
the Vainshtein radius, there will be a phase transition and finally, below the Vainshtein 
radius, the vacuum is not degenerate anymore and the preferred time-direction disappears. 
This scenario corresponds to the standard Vainshtein mechanism and it is expressed in the 


equations (19). An equivalent scenario, is to have an observer located at scales where T^ir, t) 
does not vanish and then compare the results with respect to observers defining the time in 
agreement with To(r, t), whose define a vanishing value for TQ(r, t). This is the case explored 
in this manuscript and it corresponds to the Vainshtein mechanism in time-domains and 
it is the key ingredient for obtaining the Higgs mechanism at the graviton level. In this 
manuscript this analysis was performed for free-falling observers. 


X. STUCKELBERG FUNCTION WITH AN ARBITRARY TIME-DEPENDENCE 


The previous calculations were based on the idea that the Stiickelberg function is linear 
in time. In other words, the dynamical metric is stationary. However, at the perturbative 
level, this condition is not satished. Note that the portion of To{r,t) which deviates from 
the usual notion of time, enters perturbatively inside the vacuum solutions for the case of 
one free-parameter in a ’’free-falling frame”. In addition, the second family of solutions 


considered in Sec. (VHI), contains an arbitrary function To(r, t), then in principle it makes 
no sense at all to impose the stationary condition To(r, t) = S. If we make this condition 
flexible, then instead of thinking on the spatial dependence of the Stiickelberg function, we 
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have to think on its total derivative dehned in agreement with 


dro(r, t) = fo{r, t)dt + TQ(r, t)dr. 


( 92 ) 


Here I will concentrate on the case with one free-parameter with the Stiickelberg function 


arbitrary, analyzed in Sec. (VIIIB) under the condition (VIIIB 2). This time, the condition 


To{r,t) = S will not be imposed. Even if this condition is not imposed, we know that at 
least at the background level, the dynamical metric should be stationary, then any deviation 
from the stationary condition should come from the perturbations of the metric. Since I 
will assume complete arbitrariness in the Stiickelberg function, then we can consider To(r, t) 
and TQ{r,t) as two independent and arbitrary functions. Under this notation, there will be 
some modihcations with respect to the results analyzed in Sec. ( |VIII ). By taking the time 
derivative of the Stiickelberg function To(r, t) ^ S + B{r,t), with B{r,t) being an arbitrary 
space-time function and entering perturbatively, the root square of the determinant is given 
by 


^ (^S + B{r,t)j + 2 ^ ~ 

but taking into account that B{r,t) « 1. In addition, the background result for U{g,(f)) is 
given by 


rr/ 2 2(l + a)2 

U{g,(j))back — + • 

tt To{r,t)a^ 


2 2{l + af 

a Sa'^ 


(94) 


which is just the same result obtained in eq. (72) after multiplying by the background value 
of and imposing the condition S = a/{1 + a). 


A. Perturbations in a free-falling frame 

Repeating the same techniques developed previously in this paper, we can calculate the 
perturbations for SU{g, 0). For the case of one free-parameter with the Stiickelberg function 
arbitrary, and expanding up to second order in perturbations, we obtain the following result 


, . (1 -|- cr)^ , . 3(1 -|- cr)^ • , . , . 2(1 -|- cr)^ • , . 

SU{g,(f)) = ’ hoo{r,t) - -—^B{r,t)hoo{r,t) - ’ B{r,t) 






+B‘^{r,t)Fi{a,S) - F 2 {a, S)TQ{r,t)hor{r,t) - 


^(1 + a)^ 


52^5 


hrr{T, t) 


{l + aY 


B{r,t)hrr{T,t). (95) 


Then we can write potential V{g, 0) expanded up to second order as follows 


^ {di 0 ) ~ ^1 + -h -|- + 3 ^ (di 4>)back -l- ^1 -l- -h^ 5U{g, 0) 


+S^B [l + ^h]U{g 5 “1“ S BSU 0). (96) 


26 















If we take into account that S = a/(l + a), then we can solve for the vacuum condition 
(68), obtaining the following result 


hi,^^ac = F{a,B{r,t),TQ{r,t)), (97) 

where F{x) is a function depending on the argument x = a, B{r,t),TQ{r,t). For simplicity, 
here I will summarize the results in agreement with this function. The presence of the 
arbitrary functions Tg(r, t) and B{r,t) inside the solution, reflect the functional degeneracy 
of the vacuum solutions. Then the previous vacuum solution corresponds to the presence of 
a false vacuum. In order to expand the action around the physical vacuum, we have to shift 
it in agreement with 


T h 


fluvac' 


(98) 


The perturbations correspond to the expansions around the physical vacuum. If we 
rewrite the action in terms of the physical perturbations, then we obtain the following 
result: 


£ — £EH+Ni{vi,a){TT)^^^^s^+N2{v2,a){TT)T^(r,t)+N3{vs,a)(T^i^^^-^TT^(^r^t))+V{g,(j)), (99) 


where v is this time a function of TQ{r,t) and i?(r,f).Note the similarity between this result 
and the one obtained in eq. (91). The difference is due to the dependence on the new 
function B{r, t). 


XI. PERTURBATION ANALYSIS IN THE PRESENCE OF GRAVITY 


When the gravitational effects appear, an extra-parameter representing the gravitational 
strength will show up into the calculations. Here I will dehne such parameter as e and it 
is a function of the parametric graviton mass rrig together with the gravitational scale GM. 
It also depends on the location of the observer with respect to the source. Note that in our 
previous calculations, the scale e does not appear in the results obtained under the ’’free- 
falling” assumption. This is true for any case, whether we have one or two free-parameters 
as has been analyzed in Sec. 
reference and in Sec. 


(VII) at the background level in a 


free-falling frame” of 
(IVIIIl) at the perturbative level under the same conditions. In the 


presence of gravity, it is important to specify the location of the observers with respect to 
the source dehned by the scale GM. In the standard Schwarzschild case, the static observers 
are usually located at the inhnite such that they cannot feel the gravitational effects. For 
the case of the standard Schwarzschild de-Sitter case, the static observers are located at 
a scale where the attractive gravitational effects and the repulsive ones cancel exactly. In 
massive gravity, we can also select the location of the observers with respect to the source. 
The scale of location for the observer is not relevant for the purpose of our analysis. The 
important point is the validity of the coordinate system after selecting the observer location. 
The function f{Sr) appearing in the dehnition of the dynamical metric in eq. (13), can be 
expanded as follows 


f{Sr) ^1-e, 


( 100 ) 
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with e containing the fundamental scales of the theory. In addition, since the spatial deriva¬ 
tive of the Stiickelberg function contains the scales of the theory, namely, GM and rUg, when 
the gravitational effects are taken into account, I will take in general the result Tq ^ e at 
the lowest order in perturbations. This result can be easily demonstrated for the case of two 
free-parameters and by extension, it must be true for the case of one free-parameter and the 
Stiickelberg function arbitrary.For the case of time derivative of the function To(r, f), I will 
take exactly the same result of the previous section, namely 

fo{r,t) = S + B{r,t), (101) 

with B{r,t) « 1. Under these previous set of assumptions, the massive action expanded 
up to second order in perturbations becomes in general 

y{9A) = V{a,hg^,e,B{r,t)), ( 102 ) 

where the action is clearly expanded up to second order in e and B{r,t). The vacuum 
solution for this potential is given by 


hoovac — ^o(o^) + ^i{o!-)B{r, t) -|- A2{a)B{r, tY + ^ 3 ( 0)6 -|- AYa)e‘^ 

-|-j45(cr)ei?(r, f)(103) 

where the functions An{a) only depend on the parameter a. Analogous relations can be 
obtained for the other components. In general we have 


hguvac -^(cr, 5(r, t), c). 


(104) 


In fact, the presence of gravity contributes to the vacuum degeneracy. This effect appears 
through the parameter e, which contains the scales GM and rUg. By using then the same 
techniques developed in previous sections, we can expand again the action around the phys¬ 
ical vacuum defined in agreement with eq. (98). The action expanded around the physical 
vacuum, is again expressed as in eq. (99), but this time it is necessary to take into account 
that the Christoffel connections contain a non-trivial contribution coming from the usual 
curvature effects. In other words, the action expanded around the physical vacuum becomes 


£ = £eh + Mi{vi,a)(TT)^ + M2{v2,a)(TJ'^(^^^Y + + V{g,(l)), (105) 

where Tg, corresponds to the portion of the Christoffel connection which depends on the 
parameter e. Similar conclusion applies to THere again vi, V 2 and vs are functions of 
the determinant of the vacuum perturbation matrix. 


1. Physical interpretation of the vacuum degeneracy in general frames 

When we analyze the physics in general frames, the effects of gravity appear through the 
parameter e. In this sense, the scale hxed by the observer, will depend on the spatial variation 
of the Stiickelberg function, under the assumption T^irA) ^ e- As has been explained 
previously, if an observer defines the time in agreement with To(r,f), then he/she will not 
perceive the effects of the extra-degrees of freedom because he/she will be located in the 




preferred frame. In such a case, Tg(r, t) = 0 and as a consequence, e —?• 0. For this observer, 

the fundamental scales of the theory are such that he/she will perceive Minkowski metric 

the whole time as the background. In other words, the gravitational effects are switched-off 
for this type of observers. Here we are talking about an extended equivalence principle. Any 
other observer, will perceive the effects of gravity since in such a case Tg(r, f) ^ e —?• 0. In the 
presence of gravity, the different set of observers dehne different values for the fundamental 
scales of the theory. From the physical point of view, all the observers should be equivalent 
and all of them are connected by the gauge symmetries dehned in agreement with [6l[30] 

5,To(r,t) = -C(H) ^ -C* - (106) 

where = 6gt and A“ is dehned in agreement with 

Y‘^{x)=x^ + A^{x), (107) 

with 


Y%x)=Toir,t), 


Then 


YAx) = r. 


(108) 


To{r,t)t + A\x), A''{x)=Q. 


(109) 


At this point it is clear that an observer dehning the time in agreement with To(r, f), will 
dehne the transformation (106) trivially in agreement with C,^ = 6gt, after relabeling index 
since this observer will ignore the contributions coming from the functions A"(a;). On the 
other hand, an observer dehning the time arbitrarily, will perceive the full ehects of the 
Stiickelberg helds A°‘{x) and then such observer will dehne the gauge transformations for 


the function To(r, t) in agreement with eq. (106). For a vacuum dehned in terms of the 


Stiickelberg functions, as it is the case dehned in eq. (104), and before in the results (80) 


and (97), it is clear that there will not be invariance under the generators involving the 


Stiickelberg helds A“(a:). Then these generators are the source of the degeneracy and they 
will correspond to the broken generators. In the present case, where gravity is taken into 
account and in addition it enters through an extra-parameter e, the degeneracy of the vacuum 
is equivalent to a multiplicity of the fundamental scales of the theory, all of them connected 


through the symmetry transformations given in eq. (106). We can extend the Stiickelberg 


held’s dehnition by the introduction of the U{1) symmetry as follows [B] 


Aa —t Aa + da 


( 110 ) 


In such a case, the transformation dehned in eq. (106), is extended to become 


5gT,{r,t) = -C(H) ^ d^k{x) -C- A'^daC - ^A^A^dadf^C + 

6g(j) = -A(x). 


(Ill) 


The conclusions at this point will not change, and then the vacuum will not be invariant 
under the previous set of transformations, even if the full action dehned in eq. ([^ is invariant 
under the full set of diheomorphism transformations dehned in agreement with eq. (17). 
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Note that the transformation Y^^{x) —)■ f~^{Y (a:))^ is equivalent to the set of transformations 
(111), after doing the appropriate expansions [6]. Note that under the decomposition (110), 
if we consider only the scalar component of the Stiickelberg helds, then the observers dehning 
the time in agreement with To(r, t) and those dehning the time arbitrarily, will be connected 
through U{1) gauge transformations. Each observer in the presence of gravity, will dehne 
different values for the fundamental scales of the theory. Then another way to visualize the 
previous results is as follows. If we locate observers at some specihc scale, then different 
observers, dehning diherent notions of time with respect to To(r, f), will dehne diherent 
values for the fundamental scales of the theory. 


XII. CONCLUSIONS 


In this manuscript I have done a possible consistent formulation of the Higgs mechanism 
at the graviton level based on the Vainshtein mechanism in time-domains. This means 
that the vacuum has a preferred time direction and then it becomes degenerate. When 
the observers select some time-direction (frame of reference) and this direction is diherent 
with respect to the preferred one established by To(r, t), then the ehects of the graviton 
mass will be perceived. The number of independent broken generators are related to the 
Nambu-Goldstone bosons of the theory. However at this point it is not clear how many 
broken generators are related to the number of Nambu-Godstone bosons. Initially for a 
clean analysis, I have worked in a free-falling frame, which from the GR point of view 
would correspond to a hat spacetime (Minkowski). In massive gravity, only when the 
spatial dependence of the Stiickelberg function vanishes, the dynamical metric in unitary 
gauge is conformal to Minkowski. For a non-vanishing T^{r,t), the conformal triviality in 
a free-falling frame is lost in some scenarios. It is interesting to notice that for the case 
of two free-parameters with the Stiickelberg function demanding regularity on the future 
event-horizon, the free-falling condition guarantees that TQ(r, t) = 0. However, when we 
have one free-parameter with the Stiickelberg function arbitrary, there is no connection 
between the free-falling condition and the vanishing derivative of the Stiickelberg function. 
Then the equivalence principle is broken for this particular family of solutions if we include 
all the degrees of freedom inside the dynamical metric. This case is the interesting one for 
the purposes of this manuscript and the key ingredient for the formulation of the Higgs 
mechanism at the graviton level. The non-vanishing term has a double role in the 

Higgs mechanism. The hrst one is that it appears in the dehnition of the false (physical) 
vacuum in eq. (81). The second role is that it appears inside the Ghristoffel connection 
terms of the action, which otherwise would vanish in a free-falling frame of reference. The 
Ghristoffel connections, then play the role of gauge helds generating the graviton mass 
dynamically. Note that in this manuscript initially I considered the condition To(r, t) = S', 
and then I extended the results to the situations where this condition is not satished. If 
we consider the background to be stationary, then any deviation from this condition will 
enter at the perturbative level. Finally, in this paper I introduced the gravitational effects 
for the cases where the free-falling condition is not satished. I introduced the gravitational 
ehects through the parameter e, which contains the gravitational scales of the theory. 
This parameter appears inside the function f{Sr). The vacuum will be then degenerate 
due to the presence of the functions B{r,t) (non-trivial time-dependence of To(r, f)) and 
TQ{r,t) ^ e in the solutions. This is not new with respect to the other cases, however, what 
is interesting in this situation is that this degeneracy is equivalent to a multiplicity of the 
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fundamental scales of the theory. This issue can be connected with a renormalization flow 
and the notions of observers in this theory. An observer dehning the time in agreement 
with To(r, t), will dehne e —?• 0. For this observer, the gravitational effects disappear. All 
the other observers dehning the time arbitrarily, will perceive the gravitational effects at 
the perturbative level through the parameter e. This multiplicity of the fundamental scales 
of the theory will be related each other through the set of diffeomorphism transformations 
depending on the Stiickelberg functions (related to the time-direction). In other words, they 
are connected through the broken generators, which are related to the coset space. For the 
special case where we only consider the scalar Stiickelberg function, the multiplicity of the 
fundamental scales of the theory will be connected each other through a transformations of 
the type U{1) in the complex plane. The ideas of the present manuscript can be extended 
for the cases where the Vainshtein mechanism is considered as an attractor beyond the 
quasi-static approximation. The mechanism under such conditions has been developed in 

m- 
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